Abstract. We prove the Weyl-von Neumann-Berg theorem for quaternionic right linear operators (not necessarily bounded) in a quaternionic Hilbert space: Let N be a right linear normal (need not be bounded) operator in a quaternionic separable Hilbert space H. Then for a given ǫ > 0 there exists a compact operator K with K < ǫ and a diagonal operator D on H such that N = D + K.
Introduction
Herman Weyl proved that every bounded self-adjoint operator on a separable Hilbert space is sum of a diagonal operator and a compact operator. Later, von-Neumann observed that the compact operator can be replaced by a Hilbert-Schmidt operator with arbitrary small norm and the boundedness of the operator can be dropped. Afterwards, Berg extended this result to the case of normal operators defined in a separable complex Hilbert space [3, Theorem 1] . Now, this theorem is well known as Weyl-von Neumann-Berg theorem. We refer [6, 4] for more details on this result.
In this note we prove the Weyl-von Neumann-Berg theorem for right linear normal operators defined in a separable quaternionic Hilbert space with the observation that given a right linear operator in a quaternionic Hilbert space can be associated to a complex linear operator which preserves certain properties of the original operator. This can be done if there exists an anti self-adjoint unitary operator which commutes with the given operator. There always exists such an operator in case if the operator is normal (see [1, Theorem 5 .9, Proposition 3.11] for details for the case of bounded operators). The unbounded case is discussed in [5] in a general setting. Using the above mentioned technique and some more auxiliary results, we obtain the result for the case of quaternionic operators.
In the remaining part of this section we recall necessary definitions and basic results of quaternionic Hilbert spaces and right linear operators on such spaces. In the second section we prove the main result.
Preliminaries
We denote the division ring of real quaternions by H. If q ∈ H, then q = q 0 + q 1 i + q 2 j + q 3 k, where q r ∈ R for r = 0, 1, 2, 3 and i, j, k satisfy the following conditions:
The conjugate of q is q = q 0 −q 1 i−q 2 j−q 3 k and |q| := q 2 0 + q
3 . The imaginary part of H is defined by Im(H) = {q ∈ H : q = −q} . The set of all unit imaginary quaternions is denoted by S, that is S := {q ∈ Im(H) : |q| = 1} and the unit sphere of H by S H .
Here we list out some of the properties of quaternions, which we need later.
For p, q ∈ H, we have p.q = q.p, |p.q| = |p|.|q| and |p| = |q|. Define relation on H as p ∼ q if and only if p = s −1 qs for some 0 = s ∈ H. Then ′′ ∼ ′′ is an equivalence relation and the equivalence class of p is [p] := {s −1 qs : 0 = s ∈ H}. For each m ∈ S, C m := {α + mβ : α, β ∈ R} is a real subalgebra of H and is called as the slice complex plane. The upper half slice complex plane is defined by C
A right H-module H is called a quaternionic pre-Hilbert space if there exists a Hermitian quaternionic scalar product · : H × H → H satisfying the following properties:
(1) u, vp + wq = u, v p + u, w q for all u, v, w ∈ H and p, q ∈ H (2) u, v = v, u for all u, v ∈ H (3) u, u ≥ 0 for all u ∈ H and u, u = 0 iff u = 0.
Define u = u, u 1 2 , for every u ∈ H. Then · is a norm. If the normed space (H, · ) is complete, then H is called a quaternionic Hilbert space.
We say H is separable if there exists a countable orthonormal basis for H. Let {φ r : r ∈ N} be an orthonormal basis for H. Then every x ∈ H has the representation:
Let D is a right linear subspace of H and T : D → H be a map. Then T is said to be right linear if T (x + y) = T x + T y for all x, y ∈ D and T (xq) = (T x)q for all x ∈ D, q ∈ H. Usually, we denote D, the domain of T by D(T ).
The graph of a right linear operator T is denoted by G(T ) and is defined as G(T ) = {(x, T x)|x ∈ D(T )} . If the graph G(T ) is closed in H × H, then T is said to be a closed operator. Equivalently, if (x n ) ⊂ D(T ) with x n → x ∈ H and T x n → y, then x ∈ D(T ) and T x = y.
We say T to be densely defined, if D(T ) is dense in H. For such an operator, then there exists a unique operator T * with domain D(T * ), where
and satisfy y, T x = T * y, x for all y ∈ D(T * ) and for all x ∈ D(T ). This operator T * called the adjoint of T . Clearly, T * is right linear. Furthermore, T * is always closed irrespective of T . We denote the class of densely defined closed right linear operators in H by C(H).
Let S, T ∈ C(H) with domains D(S) and D(T ), respectively. Then, S is said to be a restriction of T denoted by S ⊆ T , if D(S) ⊆ D(T ) and Sx = T x, for all x ∈ D(S). In this case, T is called an extension of S. We say S = T if S ⊆ T and T ⊆ S. In other words, S = T if and only if D(S) = D(T ) and Sx
We define the sum as: (S +T )(x) = Sx+T x for all x ∈ D(T )∩D(S). Let T ∈ C(H) and S ∈ B(H), then we say that S commute with
A right linear operator T : H → H is said to be bounded if there exists a M > 0 such that T x ≤ M x for all x ∈ H. For such an operator the norm is defined by
We denote the space of all bounded right linear operators on H by B(H).
By the closed graph theorem, if T ∈ C(H) and D(T ) = H, then T ∈ B(H). Thus, for T unbounded, D(T ) is a proper subspace of H.
Let H be a separable Hilbert space with an orthonormal basis {φ r : r ∈ N}.
(1) Let T ∈ B(H). Then T is said to be (a) compact if T (B) is pre-compact for every bounded subset B of H. Equivalently, {T (x n )} has a convergent subsequence for every bounded sequence
does not depend on the orthonormal basis of H and is known as the Hilbert-Schmidt norm of T . (2) If T ∈ C(H) is densely defined, then T is said to be diagonal with respect to {φ r : r ∈ N} if there exists a sequence (q r ) ⊂ H such that T φ r = φ r q r for each r ∈ N. Note that, here φ r ∈ D(T ) for each r ∈ N. In this case the matrix of T with respect to B is (a rs ), where a rs = φ s , T (φ r ) = δ rs q s for each r, s ∈ N. We recall the notion of the spherical spectrum of a right linear operator in a quaternionic Hilbert space.
The spherical resolvent of T is denoted by ρ S (T ) and is the set of all q ∈ H satisfying the following three properties:
The spherical spectrum of T is defined by σ S (T ) = H \ ρ S (T ) . 
Let m ∈ S and J ∈ B(H) be anti self-adjoint, unitary operator. Define H By (1) and (2), it follows that if T + is normal, then T is normal. On the other hand, by the uniqueness of the extension it follows that normality of T implies the normality of T + .
In particular, if T ∈ B(H) is normal, there exists an anti self-adjoint, unitary J ∈ B(H) such that T J = JT (see [1, Theorem 5 .9] for details). Hence in this case all the statements in Theorem 2.3 holds true. In case, if T ∈ C(H) is normal, existence of a anti unitary self-adjoint operator J ∈ B(H) such that JT ⊆ T J is proved in [5, Theorem 3.6] . For the sake of completeness we give the details here. 
Main Results
In this section we prove the main result. The following results are useful in proving the theorem. (1): Let B + := {e r : r ∈ N} be an orthonormal basis for H Jm + and x ∈ H. Then x = x + + x − , where x ± ∈ H Jm ± . Since the inner product on H Jm ± is the restriction of the inner product on H to H Jm ± , it follows that e r , x = e r , x + + e r , x − . Thus, we have
e r e r , x , showing the that B + is an orthonormal basis for H.
Hence H is separable.
Assume that B := {φ r : r ∈ N} is an orthonormal basis for H and let B + := {e r : r ∈ N}, where e r = (φ r − Jφ r ) √ 2 , r ∈ N. Then e r , e s = 1
This shows that B + is an othonormal set. It is clear that (2) can be obtained with the following observation: If {e r : r ∈ N} is an orthonormal basis for H Jm + , then it is also an orthonormal basis for H. Since the Hilbert-Schmidt norm does not depend on the orthonormal basis and T e r = T + e r for each r ∈ N, we have,
To prove (3), let B + = {e r : r ∈ N} be an orthonormal basis for H Jm + such that T + e r = e r λ r for each r ∈ N, where λ r ∈ C m . Since B + is also an orthonormal basis for H, we have that T e r = T + e r = e r λ r for each r ∈ N. Thus T is diagonalizable.
On the other hand, if T is diagonal, there exists an orthonormal basis B := {φ r : r ∈ N} and a sequence (µ r ) of quaternions such that T φ r = φ r µ r for each r ∈ N. Let e r = φ r − Jφ r 2 for each r ∈ N. Then by Theorem 3.1, B + := {e r : r ∈ N} is an orthonormal basis for H Jm + . Hence
Hence T + is diagonal with respect to B + .
Here we recall the Berg's generalization of Weyl-von Neumann theorem: Let D and K be the unique extensions of D + and K + , respectively, as in Proposition 2.3. Then D is diagonal, K is Hilbert-Schmidt by Theorem 3.2 and K + = K < ǫ by Proposition 2.3.
In a similar way, we can prove the following result: Proof. The proof follows by [3, Corollary 4] and the technique used in Theorem 3.5.
